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§ 6.6 Inverse Trigonometric Functions

% Inverse trigonometric functions - Definition & Derivatives

Since y = sinz is not a one-to-one function, we restrict the domain of the function

™

?]. Then, y = sinz becomes a one-to-one function and we

can define its inverse function.

on the interval [— %,
© Def> y = sin 'z OF y = arcsinz & z = siny,
domf, ={z| —1< 2z <1}, ranf, = {y’ —%Syé %}

Yy = cos 'z or Y = arccosTr < T = cosy,
domfy, =1z —1<z <1}, ranfo={y | 0<y < n}

A

y =tan 'z OF y = arctanz & z = tany,

™

domfy = {z | zER}, ranf, = {y 5 <Y< %}

ex) "1(1)2E t '—):—1
Sin 9 6 , tanlarcsin 3 9 \/5
o Thm> 4 (sin~'a) = —
dx 1—2°

i(cos_lx> S
dx \/1—1:2
1

d 1)
A (tan™'a) = 142
ph) y =sin 'z & z = si 1= =L = 1 m
y = sin siny, cosy -y, y cosy .
e 1 i Ly L L n
= T T = s = — . , — — - _ —
Y = cos cosy siny -y, y Sing Vg

2 4 4 1 1
r & xr =tany, l =secy-y, y = 2 2
sec’y 1+$

1

Yy = tan

ex) f(z)=sin '(@*—1), domf = {zl —Vo<z< V2,
2z

— 22

f(x)= \/ = | |\;;72,d0mf/:{m|\/5<x<\/§,x¢0}
x —z
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© Def> y = csc 'z Oor y = arccscz & z = cscy,

domf, = {z | |z|> 1}, mnf4={y‘()<y§%\/7r<y<—7r}

-1
Yy =sec x O y= arcsecr < T = secy,

domfs = {z | |z|= 1}, mnfg,:{y‘Oéy<%V7r§y<%ﬂ'}

y = cot 'z OF y = arccotz & z = coty,
domfs =z |zER}, ranfe={y | 0<y<n}

d _ 1
O Thm> d—<csc lz) = -

L x\/;v -1

—(sec 'z) = N —

dx w\/xQ—l

d( 1, 1

dr (cot™ 'a) = 1+ 22

ph) y=csc 'z & x=cscy, 1 = —cscycoty + Y,
P 1 _ 1 .

Y cscycoty eV —1

y=sec 'z & x=secy, 1 =secytany -y,
p 1 1

= = .
Y secytany v rr—1

y=cot 'z & x=coty, 1= —csc’y -y,
' 1 1
y = — _

cchy 1+ 22

ex) tan 'z + cot 'z = &

2
_ _ 1 1
f) Let = 'z + Yo, fl(z) = - =0 and = cER.
p f(@) =tan 'z + cot 'z, f'(z) 2 1ia flz)=c
_ _m, m_T . - T
Ifx—lthenf(l)—4+4 2...f(;z:) tan ‘wtcot = om
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* Inverse trigonometric functions - Antiderivatives

© Thm> /%dm =gin 'z + C
1—x

1 _
/ >dr = tan r+ C
1+

1 1
1 2

1
n 1 2 1 -1 m
ex) f47d1' = / ———du = [*Sll'l U] = —m(u= 2z, du = 2dx)
0 V1-42’ 0 2v1—u’ 2 o 12

ex) f%de %/%dw = ltarfl(i)-i- Cn
' ta a T a a
1+ E)

§ 6.7 Hyperbolic Functions

* Hyperbolic functions - Definition & Derivatives

r _ -z 1
O Def> sinhz = ——— (yER) cschz = — (y = 0)
2 sinhz

e +e *
coshx 5 (y=1) sechz “osha O<y=<1)

sinhw e"—e *

= = —1<y<l1 = >1
tanhz oshz = ( y<1) cothz P— (Jyl>1)
4

X+y'=1
x=cost, y=sint, t=«MOA

xz_y:=1
Area OMA = 1/2 x arc MA x R. x*=coshy, y=sipht
Arc MA=R x t
- i t=2xarea OMA=
SoArea OMA=1/2xRxRxt=(1/2)xt 2 % (area OMB — area AMB)

because R = 1. :
~ Denoting area OMA = A (hatched area),
Hence, t=2 x Area OMA, we have t=2A

Denoting area OMA = A (hatched area),
we have t = 2A
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© Thm> Identities of hyperbolic functions

sinh(—z) = —sinhx sinh(z +y) = sinhz coshy + coshz sinhy
cosh(—x) = coshz cosh(z+y) = coshzcoshy + sinhz sinhy
cosh’z — sinh’z = 1 sinh (2z) = 2sinhz coshx
tanh’z = 1—sech’z cosh (2z) = cosh’z + sinh’x
2¢)+1
coth’z = 1+ csch’z cosh’z = %
. .9 cosh(2z)—1
sinh“x = — e

.
.V:j};("\\ y=sinhx ,,fﬁﬁﬁ,ﬁwﬁﬁlilﬁﬁﬁ,
——/'/
0 x
\/17_ 0 X
PergE™
________'___)_,:_,_1___
FIGURE 1 FIGURE 2 FIGURE 3
y = sinhx = %e‘ - %e"‘ y = cosh x = %e"' + %e" y = tanh x
d , . et +e * d
©O Thm> %(smhx) =5 = coshzx %(cschx) = —cschzcothz
d e" —e * . d
%(coshx) =T = sinhx %(sechx) = —sechxtanhz
d 2? d
— (tanha) = ey sech’z — lcotha) = —csch’z
e e

% Inverse hyperbolic functions - Definition & Derivatives

I I
| |
| |
| |
| |
Lo/ |

0 x -1 I x
: L | |
x | |
| |
| |
| |

0‘ 1 X
FIGURE8 y = sinh 'x FIGURE9 y = cosh'x FIGURE 10 y = tanh'x
domain = R range = R domain = [1,%) range = [0, ») domain = (—1,1) range = R
.- _ _ 1 1+x
© Thm> sinh™ 'z = In(z+ V2> +1), cosh 'z =In(z+ V2> —1), tanh lngln(l—m)
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1+ Val+1 ) cechly — 1n(1+ \/1—332)

© Thm> csch™ 'z = ln(

xr X
1 (x+1)
coth = 5 In p—
d , . - 1 _ 1
©O Thm> df(smh 'z) = S T(csch 2= — ——
@ 2241 x l2] V1+a
d _ 1 d _ 1
d—(cosh 'z) = S d—(sech r) = — 5
T \/z -1 € zVl—x
_ 1 d _ 1
a 1) a 1)
d (tanh™ 'z) 11— 22 dr (coth™ 'z) 11— 22
csch™ x cnxél'l X coth™ x
4| 2.5 i g l
2\ 1.8 1S
-0 =5~ 5 10° O’%— F ~TD'_"—'"':'3L '5""5""2‘0‘
721 27 6 8 10" :E’
sech™! x sinh™! x tanh™' x
12 3 = |
10 > ‘ 4 '
8 1/ | 2 ‘
5,‘ -10 5 4 5 10* .'*1,,-0’*5'2 0.5 1%
s A3 f -2 I
0. D.0.9.81" - -3 L -4 |

§ 6.8 Indeterminate Forms and L’Hospital’s Rule

© Thm> Cauchy’s Mean Value Theorem : For functions f, ¢ that are continuous on the
interval [a, b] and differentiable on the interval (a,b), and ¢'(z)=0 for

fe) — fb)—fla)
VaeE(a, b), 3c<E(a, b) s.t. g'(c) = g(b)—g(a)'

—“}@(x)—g(a)) ~(fle)—f(a)). Since he Cla, b,

© Thm> L'Hospital's Rule : For differentiable functions f, g and ¢'(z)= 0 on an open
interval 7 that contains a, if limf(z) =p and limg(z) =q (p, ¢={0, £ 0 })

r—a Tr—a

then fim %) = fim £ %)

, if the RHS limit exists.
ema 9(2) 25 g (@)
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pH) Let lim f:(x) = L. We will show that [im f(=) = L. Since
z—a 9 (1') T—a g(l’)
/(@) f (x)

=L, Ye>0, 36>0 st. 0<|z—al<d = ‘ —L‘<8

lim 705 (@)

Without loss of generalization, assume that ]imf(z)=0 = limg(z) and

fla) =gla) =0, then f, g=Cla, 2] or f,g=Clz, a] and f, g=D(a, z) or
fr9E€D(x, a).

By Cauchy’s Mean Value Theorem, J¢, € (a, z) s.t.

fa) _ fla)=fla) _ fle)
@) 9@ —gl) gl and J¢, € (2, a) st
ggg - gg;‘;((s)) EZQ; Since 0< |¢;—a|<é and 0< |c,—a|<d, we

finall et‘ —L‘< and 1j = L.
Ve ) cand imygy = Lo

§ 7.1 Integration by Parts

© Thm> /f(x)g/( dr = f /f x)dxz (IBP)

ph) (f(2)g(x)) = f'(z)g(z) + g’ (z), f(x)g’(x): (f(@)g(x)) — f'(x)g(z)

/f x)dr = f /f x)dr m

ex) Reduction Formulas (1 < n E€N)
) 1 . .- )
/Sm"xdx = —Esm 'z cosz + —/‘S1n77 2rdx
n 1 n—1 . n—1 n—2
cos'xzdx = —cos’ wsinz + —— [ cos" “zdx

ftan"xdm = tan e — /tan” *rdx

/(1nx)”da: = z(lnz)" — nf(lnx)nfldm

ex) /:zredx* (2?2 =2z +2)e" + C

ex) / z°sinzdx = ? (Fast IBP Method)
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* Integration of Inverse Functions

[r@ar = [ur @iy = vrw) = [rway=ar @)~ [ ray
= 7"a) 1) = 2. 1)y = do)

ex) /Sirf Yede = zsin 'z + V1—2* + C
ex) /cosflxd:z: = zcos 'z —sin(cos 'z)+ C=zcos 'z — \/1—:1:2 + C (by IBP)

ex) /tan_lwdw = xtan 'z + 1n|cos(tan_1x)| +C

§ 7.2 Trigonometric Integrals

© Thm> ‘/sin"”x cos"zdx

(@ n =2k+1 = Take out one cosz and change the rest to terms of sin’z.

() m = 2k+1 = Take out one sinz and change the rest to terms of cos’z.

(© m = 2k, n = 2k, = Use the half-angle formula : sin’ = L;S%
5 14cos2x
cos’r = 9

<Example> /cosgxda? = /cosx(l—sian)dx = /(cosx — sin’z cosz )dz

. 1 .
= sinx — gsm?’x + C.

<Example> /sin5x cos’rdr = /sinx(l—cosgx)%oszxdﬂt

. 1 2 1
= /(coszx—20054x+c0561ﬁ)smxdx = — gcosga: + gcosf’x - 700579: + C.

2 4

1+ cosdx _ 3 1. 1.
2 )da:— 833 n sin2x + 32 sindzr + C.

_ 2
<Example> /sin4xdx = f(ﬂ) dr = l/(1—2cos23:+COSZQ’JS)dﬂJ

= % (1 —2c082x +

O Thm> /tanmx sec"zdx

(@ n =2k = Take out one sec’z and change the rest to terms of tan’z.
() m =2k+1 = Take out one secxztanz and change the rest to terms of

2
sec *.



sukital 729(@gmail.com

<Example> ftan% sectzdr = /tanﬁx(1+tan2x)sec2xd:ﬂ

1 7 1 9
== + = +C.
7tanx 9tana: C

<Example> /tan5x sec’zdr = /(sec2x—1)zsec6x secx tanxdx

10 8 6
= /(sec r—2sec z+sec’r)secrtanzdr

_ 1y 2y 1 4
= 11sec x gsecz+7secx+0.

© Thm> /tanxd:c = In|secz| + C

+ C=1n

1 1+si
/Secxdfc = Inlsecz +tanz| + C = _m‘ﬂ
2 1—sinz

X Y
tan(5+ 1 )’ + C

§ 7.3 Trigonometric Substitution

© Thm> Trigonometric Substitutions

2 2 .
\/a —z° : x = asinf, —

IA
>
IA

-2 2
, 1—sin"0 = cos™0

SIERNTE
IA
IR

\/a2+:172 ©x = atanf, — 0 < —, 1+tan’0 = sec’d

\/mQ—QQ . x = asech, O£9<% \/7r§9<%7r, sec’0—1 = tan’0

§ 7.4 Integration of Rational Functions by Partial Fractions

© Thm> Partial Fractions

= o) = S(z)+ gg% if degP(z) > deg@Q(x).

@ If Q(x) = (ayz+b;)ayx+0by) -+ (apz+0b,), then

R(zx) 4, A, Ay
+ o+ .
Q(x) a;x+ b ayx + by a,x + b,

O If Qz) = (ayz+by) (agz+by) -+ (qz+0b,) (2 <reEN), then

A A A, B B,
R(x): LI 2 ~ e+ -+ 24y
Q(x) a;z +by (a,x+b;) (ayz+by)" Ay + by apr + by
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© If Qz)= (ax®+bz+c)(az+b ) ayx+by) - (az+b,) where az’+bx+ec
cannot be factored into real coefficient polynomials (b* — 4ac < 0), then

R(z) Bx+C Ay A,y Ay
= — + + o .
Q(x) ar’ +br+c  mrTTb  awtb a,T + by,

@ If Qz)= (ax®+bx+c) (ajz+b) agz+by) - (az+b,) where az’+bx+ec

cannot be factored into real coefficient polynomials (b* —4ac < 0) and 2 < r €N,

R(x) a A;x+ B, k C
then = 4 )
Q(z) 1; (az*+bx+c)  Sr1ax+Db;
© cf) Heaviside Method
fla) _ f(x) % b ~ fla)
If g@)  (@—a)z—ay) - (z—a,) _1;37—061-’ then b, = nia) where

%:hi(x) for 1 <i<n.

© Thm)> Rationalization Substitution

2u 1
<Example> /7(1 = /7d = 2/7d
P T +x\/:v ut " uz(u—|—1) "

— 1
(u - \/I, du — \/; dx %dﬂ;‘)
S I T N P

2/( " +1)du ——2lnu+2nlt+1)+C

— 2 etV +C

Va

§ 7.5 Strategy for Integration

(a) Guidelines for Integration

(b) All continuous functions are integrable, but the antiderivatives of some functions
cannot be expressed in terms of elementary functions. Elementary functions are the
following group of functions : Polynomials, Rational Functions, Exponentials,
Logarithms, Trigonometric Functions, Inverse Trigonometric Functions, Power Functions,
Hyperbolic Functions, Inverse Hyperbolic Functions and other functions that can be
obtained by operations of addition, subtraction, multiplication, division, and composition.

Although a derivative of an elementary function is an elementary function, it is not

necessary for integration. (e.g. fe’”dx, /%dz / sinz dx, /sin(xQ)d:v)




sukital 729(@gmail.com

§ 7.7 Approximate Integration

% Cases where it is impossible to compute the exact value of a definite integral
(a) The antiderivative cannot be expressed in terms of elementary functions
(b) The function itself is not identified exactly (especially in experiments or numerical
analysis)

= Use approximation methods to compute the value of the integral. (e.g. Midpoint
Rule, Riemann Upper Sum, Riemann Lower Sum, Right Point Rule’, Left Point Rule ")

(Methods involving partial sums) ("These are not official titles.)

© Thm> The Midpoint Rule
Consider a continuous function f defined on the interval 7 = [a, b]. When the
interval 7= [a, b] is divided into n identical sub-intervals which all have the

— b n .
length of Az = bTa’ then /f(x)dm ~ Y f(z;)Az where Az = b= and

i=1
* Tt

o = DI [ @) = (1) + @) + 4 £ Aw = 0,

© Thm»> The Trapezoidal Rule
Consider a continuous function f defined on the interval 7= [a, b]. When the

interval 7 = [a, b] is divided into n identical sub-intervals which all have the

—a & (371‘71)"" (-f,)
b $ / /

— A x where
n =1 2

b
length of Az = , then / fla)de ~

Az = u. Rewriting the sum, we get

[ @z = [Lra) + 1)+ 1)+ o+ £, )+ r,)| A

L,+R,

=T, = 5 where L, and R, denotes the left point sum and the right

n

point sum respectively.

© Thm> Simpson’s Rule
The method replaces the integrand f(x) by a quadratic polynomial (i.e. parabola)
P(z) that takes the same values as f(z) at the end points « and b, and the

midpoint m = %b. Using the Lagrange polynomial interpolation, this polynomial

can be expressed as :

(z—m)(x—1b)
(a—m)(a—10)
Using integration by substitution, it can be shown that

(z
(b

Pl) = £(a) E e e R 0s =

m—a)im—2>

_‘lo_



© Thm>

sukital 729(@gmail.com

% s the step size.

/:P(x)d:v %{f(a)+4f(a;b)+f(b)] where h = 2=

Now break up the interval [a, b] into n sub-intervals with the same length,
where n is an even number. Then, the composite Simpson’s rule is given by

b A
/f(x)dx ~ Tx(y0+4yl+2y2+4y3+2y4+ - 4y, +y,) =S, where

Ax = b=

and y; (0 <i<n) are the boundary points of each sub-interval.

Using the X notation, we can also write as :

Ax n/2 n/2
S, = 3 y0+er+4Ey2i—1+22y2i .
i=1 i=1

If £, f',f” are continuous on [a, b] and A/, is the n-midpoint approximation,
b _ 2
then Jc<[a, b] s.t. / fla)de — M, = %f”(c).

1

P

Mot
pf) £ G2

For k=1,2,3, ---,n, let ¢, =a+ (k— %)h where h = b;na. Define function

b [o, %h] — R such that 0,00 = [ flodde — fla) - 2 (te[o, %h])
ot

For example, ¢,(0) = / /kf(;z:)dx — fle) » 2+ 0= 0. Meanwhile,

¢+t c.—t
¢, (t) = fx)dx — / fla)dr — f(c,) - 2t and

o () = flep+t)+ fley—t)—2f(c), ¢ () = f'(cp+1) — f /e —1).
By the MVT, J¢, , st. ¢, (t) = 2tf (¢, ;) and |c, — ¢ | <.
A=inflf @)l z€a,bl}, B=suplf’(z)lzE[a, b]} then

2nA < ¢, (t) < 2tB, t°A < ¢,/ (t) < t*B, %t‘*A < ¢.(t) < %tS’B.

. 1 h 1 3 h 1 3
= — = — —_— — —
Since ¢t [O, 5 h] , let ¢ B then ) Ah® < ¢k( B ) < 5 Bh

_‘l'l_
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sukital 729(@gmail.com

L o3 (b— b B 1 (b=a) 1 oy
Sy Ah'n = —A > Z@( ) /af(a:)dat M, < 5B = 5 Bhn
N3
< / flx)de — M, < b=a)’B 24a)2B. By the MVT, 3r€ [a, b] s.t.
a n
(b_a)3 ”
de — M, =
f(z)da o’ £ ()
" k(b—a)?
Corollary) Let a <z < b, [f"(z)| <k then |E)|< R
n

If £, f', f” are continuous on [a, b] and 7], is the Trapezoidal approximation,

then JcEa, 0] st T, — abf(a:)dmz (b%)h?f”(c). (h = b;“)

pf) k=1,2, -, n, a = a+(k—1)h, tE[0, hl.

For function ¢, ¢ [0, 1] — R, 6,() = 5[ flag)+ fla+1) —/:’“”f(mx,
¢ (0) =0 k

6 (0) = 5 [+ Flay+0)] + 2f (o, +1) = Flag+1)

= %[f(ak)—ﬂaﬁt)] + %tf'(akﬂ), ¢/ (0) =0

O (1) = = 5 ay+ )+ 57 a0+ Stf (1) = S (g t),

A=inf{f" @)l z€a,b]}, B=suplf’(@)lzE[a, b]}, t=][0, Al
1

1 1 1 1 3 1 3
_ < < — < — < < —
SAL= ¢, (t) < 5Bt — At < ¢/ (t) < 4Bt 5 At < ¢p(t) < 5 Bt

n b
t=h, %Alﬁ < ¢, (h) < %Bhi‘, Zgbk(h) =T, — ff(x)d:z: then

Ab—a) ST—/f Vi < Bb—a)’

12n° 12n?

—_ )3
Corollary) Let a < 2 < b, [f”(z)| < k then |E,|< W;Qig)
n

If f,f', f” are continuous on [a, b] and S, is the nth Simpson approximation,

—a)h4f(4 (). (h = b—a

180 n )

then Jc<[a, b] st. S, —ff

pf) For k=0,1,2, -, =n—1, z, = a+ (2k+ 1)h, define function

_‘|2_
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Bt 10,h] > R as 6(t) = st [f (e, — )+ 4f )+ Fla+ )] = f:"ttf(a:)dx
and ¢, (0) = 0. Then k

O (6) = = 27— 1)+ @) = S fla 1)+ (= =0+ (),
¢, (0) =0, and

B (0) = 5 f oy t) = 57w+ 1)+ S o= 1)+ 1+ 1),

6" (t) = %t[f"’(xﬁt)—f"’(xk—t)}. By the MVT, J¢, , Sit.

8 (0) = 2t SO0, ) and [o,, — | =t

Let A =inf{fV(@) |z a, 0]}, B =suplsW @)z <la b]}, then

%tZA <o) (t) < %tQB. For vte |0, hl, 91—0/1165 < ¢, (t) < %Bt‘r’, and

t = h then %Ahf’ < ¢, (h) < 9—1()Bh5 and

Al(ZT_nf){) < ":ijllm(h) . abf(x)da; < BEZT‘;;P By the MVT.
Je€la, b] st. S, — /Hbf(a:)dx = (I;S()Zisf“)(c).

_ )
Corollary) Let a <z < b, |/ ()| < & then |Ey|< k(ngaj
n

§ 7.8 Improper Integrals

t t
Def> If f f(z)dz exists for ¢t > a and |im / f(x)dx exists, then

t— oo

oo t
/ f(x)dr = lim / f(xz)dxr and it converges.
a t— oo a

b b
Def> If f(x)dzx exists for t <b and lim f(z)dzexists, then
t

t—> — oo t

b b
fl@)dr = lim f f(z)dx and it converges.
— o0 t— — oo t

_13_



Def> If both f f(x)dr and / f )dx exists, then

/f dx—/f der/f

ex) / —dxr = 11m/ —dz = lim [Inlz|]] = limInlt] = oo
t— oo t— o t— o
0 0
ex) f :/ 1 2da:+f %dw
e 1+ 27 o 1+x —w 1tz
= lim sdrz+ lim /
b—oo o 1+ a—> —ooY g b— oo

= lim tanflb — lim tan 'a=n

b— a— — oo

b
1—
T p

ex) / —da: = lim b—da: = hm[

b— co 1 Jj b— o

1= 1

b
1 . ) .
If p=1, / —d:c—hm ;dxzhm[ln|m|]11=hmln|b|ZOO-
1

b— oo 1 b— oo

The integral converges if p>1 and diverges if p < 1.

infinite limits.

Def> Let function f be continuous on [a, b) and discontinuous on b. Then,

b t
/ fl@)dz = lim | f(z)dz

t—b

Def> Let function f be continuous on (a, b] and discontinuous on «. Then,

b

bf( )dz = lim f( )dzx

t—a

sdr = lim [tan~ IJ:LHF hm [tan~'z]"

sukital 729(@gmail.com

: It is divergent.

1
—p) (p#1)

This is called the p-test for

c b
Def> Let function be discontinuous on ¢. If / f(z)dx and / f(z)dx exists, then

[if(x)dx = /:f(a:)dx + /be(a:)d:c

ex) For 0 <z <1, let f(z) =

= lim2(1— V1) =

t—0+

1

1
ex) Inzdz = lim Inzdz = lim [tint —t]} = lim [—1—tlnt—t] =
0 t>0+Y t—0+ t>0+

_14_

1 1
——= then / —dx
vV 0 V<«

—dx* lim [Q\f]

t—>0+

—1
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© Thm> Comparison Test
For continuous functions f, g and z > a, f(z) > g(z) > 0,

(@ If f f(z)dx is convergent, then / g(x)dx is convergent.

a

(b) If / g(x)dz is divergent, then / f(x)dx is divergent.

a

oy 172 -, . _ .2 _
ex)/ emdx:/exdac+/ e "dx converges since e " <e * for x > 1 and
0 0 1

f e “dxr = lim [—eit]tl = lim(e ' —e ') =e" ' converges.
1

t— oo t— oo

§ 8.1 Arc Length

O Arc length of a curve

L—llmZ|Pz 1P| hmZ\/ ziy—x) + (Y — ) 1111’123\/43E )

n—>0 3=1 n—>0 ;=1 n—>00 ;=1

= lim Z\/ (Az)? )A:c] = lim ZAa: \/1+ )}2 by the  MVT.

n— =1 n— 00 3=1

Therefore, L = / \/ 1+ [ 2de = / \/ 1 + da: when #’ is continuous on

[a, b] and thus integrable.

If a curve has the equation x = g(y), c<y<d, and ¢'(y) is continuous, then by
interchanging the roles of z and y, we obtain the following formula for its length.

L= /Cd\/1+ lg"(y)]*dy = /Cd\/l + (Z—z)Qdy

12
2 2 3 x
oy @1 _ [ / 21/*_ 1 {t__i}
rer=t -t e = [R5 L= | 5oL
_7 1 1
12 x 12

_15_
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§ 8.2 Area of a Surface of Revolution

© Area of a surface of revolution

)+ fla, :
_hmz% Mmflpd hme (x,_ )+ f(z;) \/1+[f'($,;)]2Az

n—>co;= 2 n—cof=

b
11m227rf Wi+ [f @) Ae = 27rf Wi+ f (@) de = | 2nyds

n-—> 00 j= a

ex) What is the area of the surface obtained by rotating y = 2v/z (1 < z < 2) about the
x-axis?

so) § = /2wy\/1+ d;v—f477\/ac \/Tid&?:iﬂ(i%\/g—?\/?)

§ 8.5 Probability

©O Probability of continuous random variables

For probability density function f, Pla< X <b) = [ f(z)dx,

a

E(X)zfab:cf(a:)d:czm, V(X)Z/b(x—m)zf(x)dxzfabl»?f(a:)dgs—(/ﬂbxf(z)dx)Q

a

(Q) Probability density function of the Normal Distribution

The probability density function : f(z) = ¢~ * such that / flx)dr =1,

/OO o f(z)de = m, /700 (:C*m)Zf(x)dm =V(X), fim—2z)= f(m+zx),

flx) < f(m) for VazeER.

f (x) = be a.’l:z’

@ /iof(x)dx =1
@) /joooxf(x)dx =0

©) fOO fo(x)dx =1

_16_
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Thm) o* = foo (x—m)*f(x)de, f(z)= ge*axz’ a = L

2
C e ™ 20

«© — az? 1 T 1
f = s 2_— iL/‘ 2 az :\/g X — _ = —
pH) m=0, o \/7r 700])6 dx - 2a V' 2a.

(z—m)2 r—m 1 -z
o fla) = ) 2= :
v

exp|—
210’ p( 20"

_‘|7_



