
- 1 -

§ 6.6 Inverse Trigonometric Functions

＊ Inverse trigonometric functions – Definition & Derivatives

Since   sin is not a one-to-one function, we restrict the domain of the function

on the interval 



 


 

 


 . Then,   sin becomes a one-to-one function and we 

can define its inverse function.

◎ Def>   sin  or   arcsin ⇔   sin ,

      ≤ ≤ ,      


≤ ≤ 

 

  cos  or   arccos ⇔   cos ,

      ≤ ≤ ,      ≤  ≤ 

  tan  or   arctan ⇔   tan ,

    ∈,      


   

 

ex) sin 
   


, tanarcsin

  


◎ Thm> 
 sin  





 cos   




 tan  



pf)   sin  ⇔   sin ,   cos⋅′ , ′  cos





 ■

  cos  ⇔   cos ,    sin⋅′, ′  sin


 


 ■

  tan  ⇔   tan ,   sec⋅′, ′ 
sec







 ■

ex)   sin    ,     ≤ ≤ ,

 ′  






,  ′        ≠ 
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◎ Def>   csc  or   arc csc ⇔   csc ,

    ≥ ,        ≤ 


∨    ≤ 




  sec  or   arc sec ⇔   sec ,

    ≥ ,      ≤   


∨ ≤   




  cot  or   arc cot ⇔   cot ,

    ∈,         

◎ Thm> 
 csc   

  





 sec  
  





 cot   



pf)   csc  ⇔   csc ,    csc cot⋅′ ,
′  csccot


 

  


 ■

  sec  ⇔   sec ,   sec tan⋅′,
′ sec tan




  


 ■

  cot  ⇔   cot ,    csc⋅′,
′  

csc


 




 ■

ex) tan   cot   



pf) Let   tan   cot ,  ′ 







  and   ∈ .

If    then   

 


 


. ∴  tan   cot   


 ■
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＊ Inverse trigonometric functions – Antiderivatives

◎ Thm> 


  sin   





  tan   

ex) 









  










 








sin 











 


 ■ (   ,   )

ex) 
  


  


 

 
 




  


tan 

     ■

§ 6.7 Hyperbolic Functions

＊ Hyperbolic functions – Definition & Derivatives

◎ Def> sinh 

   

 (∈ ) csch sinh


 (≠ )

cosh 

   

 ( ≥ ) sech cosh


 (   ≤ )

tanh cosh

sinh


   

   

 (     ) coth tanh


 ( )
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◎ Thm> Identities of hyperbolic functions

sinh    sinh sinh   sinh cosh  coshsinh

cosh   cosh cosh   coshcosh  sinh sinh

cosh  sinh   sinh  sinh cosh

tanh   sech cosh  cosh  sinh

coth   csch cosh 

cosh 

sinh 

cosh 

◎ Thm> 

sinh 

   

 cosh 


csch   cschcoth




cosh 

   

 sinh 


sech   sech tanh




tanh     


 sech 


coth   csch

＊ Inverse hyperbolic functions – Definition & Derivatives

◎ Thm> sinh   ln  , cosh   ln   , tanh   


ln

  
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◎ Thm> csch   ln

   , sech   ln

 ,
coth   


ln

  

◎ Thm> 

sinh    





csch   







cosh    





sech   







tanh  







coth  




§ 6.8 Indeterminate Forms and L’Hospital’s Rule

◎ Thm> Cauchy’s Mean Value Theorem : For functions   that are continuous on the 

interval   and differentiable on the interval  , and  ′≠  for 

∀∈  , ∃∈   s.t.  ′
 ′

 
 

.

pf) Let   
  

     . Since ∈   , 

∈   and     , ∃∈   s.t.

   ′  
  

 ′   ′ by Rolle’s Theorem. Therefore,

 ′
 ′

 
  

. ■

◎ Thm> L’Hospital’s Rule : For differentiable functions   and  ′≠  on an open 

interval   that contains , if lim
 → 

   and lim
 → 

   ( ∈ ±∞) 

then lim
 → 



 lim
 → 
 ′
 ′

 if the RHS limit exists.

sukita1729@gmail.com



- 6 -

pf) Let lim
 → 
 ′
 ′

  . We will show that lim
 → 



  . Since

lim
 → 
 ′
 ′

  , ∀  , ∃  s.t.      ⇒  ′
 ′

   . 

Without loss of generalization, assume that lim
→ 

    lim
 → 

 and 

    , then  ∈   or  ∈   and  ∈   or

 ∈  .

By Cauchy’s Mean Value Theorem, ∃∈   s.t.




 
  

 ′ 
 ′ 

, and ∃∈   s.t.




 
  

 ′ 
 ′ 

. Since       and      , we 

finally get 


    and lim
 → 



  . ■

§ 7.1 Integration by Parts

◎ Thm>  ′    ′  (IBP)

pf)  ′   ′    ′,  ′   ′   ′ 
∴ ′    ′  ■

ex) Reduction Formulas (  ∈ )

sin   


sin   cos 

 sin  

cos  


cos  sin 

 cos  

tan  


tan   tan  

ln  ln  ln  

ex)        

ex) sin   (Fast IBP Method)

sukita1729@gmail.com



- 7 -

＊ Integration of Inverse Functions

      ′         

(     ,    ,  ′  )

ex) sin   sin     

ex) cos   cos   sin cos     cos       (by IBP)

ex) tan    tan   lncostan   

§ 7.2 Trigonometric Integrals

◎ Thm> sincos

(a)     ⇒ Take out one cos and change the rest to terms of sin.

(b)     ⇒ Take out one sin and change the rest to terms of cos.

(c)    ,    ⇒ Use the half-angle formula : sin 

cos
,

cos 

cos
.

<Example> cos  cos sin  cos  sin cos

 sin  


sin   .

<Example> sincos  sin coscos

 cos cos cossin   


cos  


cos  


cos   .

<Example> sin  

cos 


  

 cos cos

 

 cos

cos   


  


sin  


sin   .

◎ Thm> tansec

(a)    ⇒ Take out one sec and change the rest to terms of tan .

(b)     ⇒ Take out one sec tan and change the rest to terms of 

sec .
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<Example> tansec  tan tansec

 


tan  


tan   .

<Example> tansec  sec sec sec tan

 sec sec secsec tan

 


sec  


sec  


sec   .

◎ Thm> tan  lnsec  

sec  lnsec tan    


lnsin

 sin     lntan

 

   

§ 7.3 Trigonometric Substitution

◎ Thm> Trigonometric Substitutions

    :   sin  ,  

≤  ≤ 


,  sin  cos

   :   tan  ,  

≤  ≤ 


,  tan  sec

    :   sec  ,  ≤   


∨ ≤   


 , sec    tan

§ 7.4 Integration of Rational Functions by Partial Fractions

◎ Thm> Partial Fractions

  
 

    
 

 if deg  ≥ deg .

(a) If         ⋯   , then


 

 


 


 ⋯  


.

(b) If      
    ⋯    ( ≤ ∈), then



 
 


  




 ⋯   




 


 ⋯  


.
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(c) If            ⋯    where     

cannot be factored into real coefficient polynomials (    ), then



 


   


 


 


 ⋯  


.

(d) If             ⋯    where 
    

cannot be factored into real coefficient polynomials (    ) and  ≤ ∈ , 

then 

 
 

  



   
 

 
  



 


.

◎ cf) Heaviside Method

If 


   ⋯   
 

 
  






, then  

 
 where


 

  for  ≤  ≤ .

◎ Thm> Rationalization Substitution

<Example> 
 


  

 


  
  




(   ,  



  


)

  

 






    


 ln  ln    

 


 ln  ln    

§ 7.5 Strategy for Integration

(a) Guidelines for Integration

(b) All continuous functions are integrable, but the antiderivatives of some functions 

cannot be expressed in terms of elementary functions. Elementary functions are the 

following group of functions : Polynomials, Rational Functions, Exponentials, 

Logarithms, Trigonometric Functions, Inverse Trigonometric Functions, Power Functions, 

Hyperbolic Functions, Inverse Hyperbolic Functions and other functions that can be 

obtained by operations of addition, subtraction, multiplication, division, and composition.

Although a derivative of an elementary function is an elementary function, it is not 

necessary for integration. (e.g. 


 , 


 , 
sin

, sin  )
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§ 7.7 Approximate Integration

＊ Cases where it is impossible to compute the exact value of a definite integral

(a) The antiderivative cannot be expressed in terms of elementary functions

(b) The function itself is not identified exactly (especially in experiments or numerical 

analysis)

⇒ Use approximation methods to compute the value of the integral. (e.g. Midpoint 

Rule, Riemann Upper Sum, Riemann Lower Sum, Right Point Rule  , Left Point Rule  ) 

(Methods involving partial sums) ( These are not official titles.)

◎ Thm> The Midpoint Rule

Consider a continuous function  defined on the interval     . When the 

interval     is divided into  identical sub-intervals which all have the 

length of   

 
, then 





 ≈ 
  




   where   

 
 and


 

  
. 





  
   

   ⋯  
     .

◎ Thm> The Trapezoidal Rule

Consider a continuous function  defined on the interval     . When the 

interval     is divided into  identical sub-intervals which all have the 

length of   

 
, then 





 ≈ 
  





   
  where

  

 
. Rewriting the sum, we get






 







         ⋯       


 






  

 
 where  and  denotes the left point sum and the right 

point sum respectively.

◎ Thm> Simpson’s Rule
The method replaces the integrand  by a quadratic polynomial (i.e. parabola) 

  that takes the same values as  at the end points  and , and the 

midpoint   

 
. Using the Lagrange polynomial interpolation, this polynomial 

can be expressed as :

    

 
  

  
 

 
.

Using integration by substitution, it can be shown that
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




   

 


  

   



 where   

 
 is the step size.

Now break up the interval   into  sub-intervals with the same length, 

where  is an even number. Then, the composite Simpson’s rule is given by






 ≈ 


        ⋯       where

  

 
 and  ( ≤  ≤ ) are the boundary points of each sub-interval. 

Using the  notation, we can also write as :

  
    

  



   
  



 .

◎ Thm> If   ′  ″ are continuous on   and  is the -midpoint approximation, 

then ∃∈   s.t. 




   

 
 ″.

pf) 

For      ⋯ , let      
  where   

 
. Define function 

 



 






 →  such that    

 

 

   ⋅ (∈


 






)

For example,    



   ⋅⋅  . Meanwhile,

   


 

 


 

   ⋅ and

′        , ″   ′    ′  .

By the MVT, ∃  s.t. ″   ″   and     .

  inf ″  ∈   ,   sup ″  ∈   then

 ≤ ″≤  ,  ≤ ′≤  , 

 ≤  ≤ 


 .

Since ∈


 






 , let   


 then 


  ≤ 

  ≤ 


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


  







≤





  





   ≤ 







 







 
≤ 





   ≤


 
. By the MVT, ∃∈   s.t.






   


 
 ″.

Corollary) Let ≤ ≤ ,  ″≤  then  ≤


 
.

◎ Thm> If   ′  ″ are continuous on    and  is the Trapezoidal approximation, 

then ∃∈   s.t.  




 

 
 ″. (  

 
)

pf)     ⋯ ,      , ∈  .

For function     →  ,    


       



 

 , 

   .

′  

       


 ′      

 


       


 ′  , ′  

″   


 ′    


 ′    


 ″    


 ″  ,

  inf ″  ∈   ,   sup ″  ∈  , ∈  




  ≤ ″≤ 


 , 


  ≤ ′≤ 


  , 


  ≤  ≤ 


 

   , 

  ≤  ≤ 


 , 

  



    




 then




  
≤  





 ≤


  

Corollary) Let ≤ ≤ ,  ″≤  then ≤


 
.

◎ Thm> If   ′  ″ are continuous on    and  is the th Simpson approximation, 

then ∃∈    s.t.  




 

 
   . (  

 
)

pf) For      ⋯ 


 ,      , define function
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    →  as    

         

  

  



and    . Then

′   


    


   


    


  ′    ′  ,

′  , and

″  

 ′    


 ′    


 ″   ″  ,

″′  

  ″′    ″′    . By the MVT, ∃  s.t.

″′  

⋅⋅      and    ≤ .

Let   inf     ∈  ,   sup     ∈  , then




 ≤ ″′≤ 


 . For ∀∈   , 


  ≤  ≤ 


  , and

   then 

  ≤  ≤ 


 and




  
≤ 

  

  

    




 ≤


  
. By the MVT,

∃∈    s.t.  




 

 

   .

Corollary) Let ≤ ≤  ,    ≤  then  ≤


 
.

§ 7.8 Improper Integrals

Def> If 




 exists for  ≥  and lim
 → ∞






 exists, then

 


∞

  lim
 → ∞






 and it converges.

Def> If 




 exists for  ≤  and lim
 →  ∞






exists, then


 ∞



  lim
 →  ∞






 and it converges.
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Def> If both 


∞

 and 
 ∞



 exists, then 


 ∞

∞

  


∞

 
 ∞



 .

ex) 


∞




  lim

 → ∞









  lim

 → ∞

 ln  
  lim

 → ∞
ln  ∞ : It is divergent.

ex) 
 ∞

∞





  


∞





 
 ∞









 lim
→ ∞










  lim
→  ∞










  lim
→ ∞

 tan   

 lim

→  ∞

 tan   


 lim
→ ∞

tan   lim
→  ∞

tan   

ex) 


∞




  lim

→∞









  lim

→ ∞








  







 lim
→∞



  

 

  (≠ )

If   , 


∞




  lim

→ ∞









  lim

→∞

 ln  
  lim

→∞
ln  ∞ .

The integral converges if    and diverges if  ≤  . This is called the -test for 

infinite limits.

Def> Let function  be continuous on   and discontinuous on . Then,






  lim
 → 






 .

Def> Let function  be continuous on    and discontinuous on . Then,






  lim
 → 






 .

Def> Let function be discontinuous on  . If 




 and 




 exists, then






  




 




 .

ex) For    ≤ , let   


 then 








  lim

 →  









  lim

 →  

  


 lim
 →  

   

ex) 




ln  lim
 →  






ln  lim
 →  

  ln    
  lim

 →  

   ln     
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◎ Thm> Comparison Test

For continuous functions   and  ≥ , ≥ ≥ ,

(a) If 


∞

 is convergent, then 


∞

 is convergent.

(b) If 


∞

 is divergent, then 


∞

 is divergent.

ex) 


∞


  

  





  

 


∞


  

 converges since   

≤   for  ≥  and




∞

   lim
 → ∞

    

 lim

 → ∞

         converges.

§ 8.1 Arc Length

◎ Arc length of a curve

  lim
→∞


  



P  P   lim
→ ∞


  



   
     

  lim
→∞


  



  

 lim
→ ∞


  



   ′     lim
→ ∞


  



  ′     by the MVT. 

Therefore,   




  ′    






  

 


 when  ′ is continuous on 
  and thus integrable.

If a curve has the equation   ,  ≤  ≤ , and  ′ is continuous, then by 
interchanging the roles of  and  , we obtain the following formula for its length.

  




  ′     






  

 




ex)   


 


,  ≤ ≤ 

 ′  


 



,    




  ′     







 

   






 

 







 


 


 


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§ 8.2 Area of a Surface of Revolution

◎ Area of a surface of revolution

  lim
→∞

  



 ×

 
PP  lim

→∞

  



    

  ′  

 lim
→ ∞


  




   ′     





  ′    






ex) What is the area of the surface obtained by rotating     ( ≤ ≤ ) about the 

-axis?

sol)   




  ′    






  


  


  

§ 8.5 Probability

◎ Probability of continuous random variables

For probability density function  , P≤  ≤   




 ,

    




   ,     




  




  







(Q) Probability density function of the Normal Distribution

The probability density function :   
  

 such that 
 ∞

∞

   ,


 ∞

∞

   , 
 ∞

∞

    ,    ,

≤  for ∀∈ .

  
  

,

① 
 ∞

∞

  

② 
 ∞

∞

  

③ 
 ∞

∞

  
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④     

⑤   max

Thm> 
 ∞

∞


  

  






pf) 
 ∞

∞


  

 





 ∞

∞


 ∞

∞

   





















∞


  




















  





∞







 





 ■

⇒   






  

.

Thm>   
 ∞

∞

 ,   






  

,   



pf)   ,   




 
 ∞

∞


  

  





× 

 





 


 ■

∴ 


exp
 ,  

 ⇒    



 


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